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experimental data satisfactorily, with a different coefficient,
as shown by the dashed line.

Given the above results, it is reasonable to use Eq. (10) to
estimate the effects of sweep. Substituting Eq. (10) into Eq. (9)
gives

(11)

for fixed a, demonstrating that the leading-edge vortex
strength of delta wings with the same length decreases with
increasing leading-edge sweep. Equation (11) can be expressed
in terms of the planform area as

(12)

which shows that the previous statement is also true if Sp is
held constant. We also can write

_ _
/e

(tanA)0-2

l +tan2A (13)

where £/<? is the length of the wing leading edge. Using Eq. (13),
it is easily shown that F also decreases with increasing A if 4,
is held constant (A>26.6 deg). This is a useful result for
variable sweep wings.

Concluding Remarks
In this Note the difference between nonlinear lift and vortex

lift has been distinguished. The nonlinear lift is the difference
between the actual lift at a given a. and that given by Kpa. The
vortex lift is the increment of lift above the zero leading-edge
suction attached-flow lift and is due to the presence of the
leading-edge vortex. Through the use of similarity and several
experimental and computational results, it has been possible
to show that the effect of increasing leading-edge sweep for
slender delta wings is to decrease vortex lift and leading-edge
vortex strength. These results are useful for the development
of future design strategies for high angle-of-attack wing per-
formance when it is desired to tailor the growth of the leading-
edge vortices using sweep, camber, and leading-edge shape.
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Introduction

T HE purpose of this Note is to examine the importance of
nonlinear effects on the solution to the two-dimensional

adaptive-wall outer-flow problem. The Note compares outer-
flow solutions computed using the transonic small perturba-
tion (TSP) equation with solutions based on the linear Prandtl-
Glauert equation. Both methods are applied to simulated
measurements of transonic flow past a two-dimensional airfoil
in free air.

Wall settings for free-air flow are established in an adap-
tive-wall wind tunnel using flow measurements at or near the
walls of the test section without any information about the
model. This is possible since, in free air, redundant velocity
distributions—for example, orthogonal components of veloc-
ity along a contour surrounding the model—are uniquely re-
lated. Thus, the walls can be adjusted until measured flow
conditions satisfy these free-air relationships.1

The free-air relationships are derived by solving an outer-
flow problem that is, in effect, a mathematical extension of the
wind-tunnel flow from the contour to infinity. For a two-di-
mensional, rectangular contour extending upstream and
downstream to infinity, the problem becomes that of solving
for the flow in separate, infinite half-planes, one above and the
other below the model, each subject to measured boundary
conditions along the edge of the plane and free-air boundary
conditions at infinity (vanishing perturbations).

Linear theory can be used to accurately represent most outer
flows up to low transonic speeds, including many cases where
flow near the model is quite nonlinear.2'3 This is possible since
perturbations, and thus nonlinear effects, are much smaller in
the outer region than they are near the model. Linear solutions
are convenient since they implicitly satisfy the free-air condi-
tion at infinity, can be derived analytically and expressed in
closed form, and can be evaluated very quickly by a small
computer.

It is inevitable that beyond some freestream Mach numbers,
linear outer solutions will be inadequate. Unfortunately, there
are no analytic solutions to even the simplest nonlinear equa-
tion, so approximate solutions can only be estimated, numeri-
cally or by other means. Since numerical solutions are com-
puted in a finite domain, the free-air boundary condition at
infinity cannot be applied directly. One approach to this prob-
lem is to transform the infinite physical domain into a finite
computational domain.4 Alternatively, if the numerical do-
main is simply a subset of the physical domain, either it must
be large enough that use of zero perturbations provides a good
approximation along its far-field boundaries or nonzero con-
ditions must be estimated along less remote boundaries. Two
two-dimensional experiments that used the large-domain ap-
proach have been reported.4'6
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Restricting the size of the numerical domain has the obvious
advantage of allowing nonlinear solutions to be computed in a
shorter time using less computer memory. This is especially
important in the adaptive-wall application where the solutions
must be computed on line. Several methods for restricting the
domain by estimating near-field boundary conditions have
been published,7'9 and their utility has been demonstrated in
computations of transonic flow past two-dimensional airfoils.
In the present Note, a similar method is applied to the adap-
tive-wall outer-flow problem.

The present work was done in preparation for adaptive-wall
tests in the NASA Ames 2 x 2-ft transonic wind tunnel. The
outer-flow solvers were designed to be applied to flow mea-
surements at a set of discrete points and to be executed on line
as part of the wall-setting algorithm. Thus, minimizing execu-
tion time was an important consideration. The linear solutions
are based on well-known functional relationships; the nonlin-
ear solutions are based on the TSP equation—the simplest
equation that includes nonlinear terms—and were approxi-
mated in a rectangular subset of the physical domain by the
method of finite differences. The size of the nonlinear domain
was minimized by using linear theory to estimate nonzero free-
air conditions along the far-field boundaries. The discussion
will be limited to solutions for axial perturbation velocities u
computed from vertical-velocity boundary conditions w along
the edge of the upper half-plane.

Linear Solutions
For flow that is governed by the linear Prandtl-Glauert

equation, the free-air relationship between axial and vertical
perturbation velocities along the edge of the infinite half-plane
defined by y > h is given by the Hilbert transformation1:

where

u(x,h) = — (1)

where x and £ are streamwise coordinates, /3 = Vl — M2, and
Mis the freestream Mach number. For the present study, this
equation was integrated numerically using data at a set of
discrete points to represent the continuous upwash distribution
in the integrand. The integral was truncated upstream and
downstream of the airfoil at points corresponding to the ends
of the 2 x 2-ft test section. For the cases described here, the
up washes at these end points were nearly zero, so the effect on
the solution of truncating the integral was small.

Nonlinear Solutions
The TSP equation was expressed in terms of the perturba-

tion velocity potential </>10:

(2)

+(1 +7)

The solution was approximated on a uniform, rectangular
grid. All of the differential operators were replaced by second-
order-accurate, central-difference operators at each grid point
except that d2/dx2 was replaced by a second-order-accurate,
upwind-difference operator at grid points where the flow was
supersonic. No special shock-point operator was used, so the
algorithm is nonconservative.

The numerical domain was a rectangle bounded on one side
by the edge of the half-plane (y - h) and on the remaining
three sides by far-field boundaries. Neumann boundary condi-
tions, (d0/dw), where n is the inward normal to the boundary,
were applied along all four boundaries. Along the edge of the
half-plane, where d(j>(!;9h)/dn = w (£,/*), the measured upwash
could be applied directly. Had the far-field boundaries been
sufficiently remote for the condition d<j>/dn = 0 to be appro-
priate, the computation time would have been excessive. Thus,
nonzero free-air conditions were estimated along nearer far-
field boundaries using the measured upwash and linear func-
tional free-air relationships. For example, the free-air upwash
boundary condition along the upper boundary y = yFF was
computed using the one-component relationship11:

(3)

The difference equations were linearized locally and solved
row by row, beginning with the row adjacent to the edge of the
half-plane, with a successive line over-relaxation (SLOR) al-
gorithm.

The present method is zonal in the sense that a nonlinear
solution overlays the linear solution in the part of the outer
flow nearest the model where perturbations are largest. The
method forces only partial matching of the linear and nonlin-
ear solutions at their interface: velocities normal to the far-
field boundaries are forced to agree, whereas velocities parallel
to the boundaries are not.

Applications
The outer-flow solvers were applied to simulated data for an

NACA 0012 airfoil in free air. Specifically, the computer pro-
gram TSFOIL12 was used to compute flow past the airfoil at
zero incidence and Mach numbers 0.80, 0.85, and 0.90. Like
the nonlinear outer-flow solvers, TSFOIL solves the TSP
equation; unlike the outer-flow solver, however, the TSFOIL
solutions were computed in the usual manner from local-sur-
face slope boundary conditions applied along the airfoil chord
and zero disturbance boundary conditions at the far-field
boundaries. Axial and vertical velocities were extracted from
the TSFOIL solutions at points in the flow where measure-
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Fig. 1 Measurement points, nonlinear domain and grid, and sonic lines for various freestream Mach numbers.
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Fig. 2 Comparison of linear and nonlinear solutions for u along the
lower boundary of the nonlinear domain.

ments will be made in the 2 x 2-ft wind tunnel, i.e., along the
boundary of the outer flow. Free-air axial velocities were esti-
mated from the measured (TSFOIL) vertical velocities by solv-
ing the outer-flow problem. These were then compared to the
free-air TSFOIL data.

The measurement points lay along the edge of the upper
half-plane, an axial line one chord above the airfoil (Fig. 1). In
the 2 x 2-ft wind tunnel, where laser velocimetry will be used
to measure the velocities, the only constraint on the number of
points will be the time allowed to make the measurements. The
32 points shown in Fig. 1 were chosen as a compromise be-
tween brevity in making the measurements and accuracy in
representing the velocity distributions.

The domain for the TSP calculations extended from one
chord upstream to two chords downstream of the airfoil lead-
ing edge. The height of the upper boundary, the number of
streamwise mesh points, and the number of iterations of the
algorithm differed for each case and depended on the extent of
supercritical flow in the outer region. Each was chosen to be as
small as possible without introducing significant errors in the
solution (Fig. 1).

Figure 2 compares the linear and nonlinear outer-flow solu-
tions for axial velocity along the measurement line with the
free-air velocities computed using TSFOIL. The nonlinear so-
lutions (dot-dash lines) are more accurate than the linear solu-
tions (dotted lines) at all three Mach numbers. At M = 0.80,
where the supersonic bubble does not penetrate into the outer
flow (Fig. 1), the nonlinear effects are small and confined to
the region immediately above the airfoil. At M = 0.85, the
nonlinear effects are larger but still are very limited in extent.
However, at M = 0.90, where there is substantial supercritical
flow in the outer region, the linear and nonlinear solutions are
quite different even upstream of the airfoil.

A Data General Eclipse S/200 minicomputer computed each
linear solution in about 0.25 s and the nonlinear solutions for
the cases M = 0.80, 0.85, and 0.90 in 16, 30, and 55 s, respec-
tively (computation speed: 0.5 x 106 floating-point opera-
tions/s).

Most of the discrepancies between the nonlinear solutions
and the TSFOIL data are primarily due to the relatively coarse

grid used to compute the outer solutions. This was especially
important at the higher Mach numbers at which shock waves
extended into the outer region. However, there was little ad-
vantage in further refining the mesh of the nonlinear solver
since the resolution of the solution was already limited by the
spacing between measurements along the boundary.

For all three cases the linear solutions are quite accurate at
the upstream and downstream boundaries of the nonlinear
domain. This justifies using linear theory to establish the
boundary conditions at those boundaries for the nonlinear
calculations. When the simpler boundary condition d<f)/dn - 0
(exact for infinitely remote boundaries) was applied along the
finite far-field boundaries of the nonlinear domain, the errors
of the nonlinear solutions increased significantly. This is illus-
trated for the case M = 0.90 by the solid line in Fig. 2. The
far-field boundaries clearly would have to be far more remote
for this approximation to be appropriate.

Figure 2 gives only a first-order indication of how omission
of nonlinear terms in the outer-flow solution would affect flow
near the airfoil in an adaptive-wall test section. Enforcing the
linear rather than the nonlinear outer-flow solution would
suppress peak axial velocities above the airfoil, thus shifting
the shock wave on the airfoil upstream of its free-air position.
To quantify this effect, it would be necessary to compare the
inner-flow solution (TSFOIL) that matches the linear outer-
flow solution at the measurement level with the inner-flow
solution that matches the nonlinear outer-flow solution. This
is beyond the scope of this Note.

Conclusions
For the cases considered here, nonlinear effects were impor-

tant in the outer-flow solution when the outer flow included
supersonic flow. Linear theory was adequate as long as the
outer flow was everywhere subcritical. The important nonlin-
ear effects could be approximated by solving the TSP equation
on a very coarse grid. Furthermore, computation time was
saved by confining the nonlinear calculation to a small domain
and using linear theory to estimate nonzero free-air conditions
along its far-field boundaries rather than applying dffr/dn = 0
along more remote boundaries.
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